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Abstract
In this paper we study the Generalized Minimal Massive Gravity
(GMMG) in asymptotically AdS3 background. The generalized mini-
mal massive gravity theory is realized by adding the CS deformation
term, the higher derivative deformation term, and an extra term to
pure Einstein gravity with a negative cosmological constant. We study
the linearized excitations around the AdS3 background and find that
at special point (tricritical) in parameter space the two massive gravi-
ton solutions become massless and they are replaced by two solutions
with logarithmic and logarithmic-squared boundary behavior. So it
is natural to proposed that GMMG model could also provide a holo-
graphic description for a 3−rank Logarithmic Conformal Field Theory
(LCFT). We calculate the energy of the linearized gravitons in AdS3
background, and show that the theory is free of negative-energy bulk
modes. Then we obtain the central charges of the CFT dual explicitly
and show GMMG also avoids the aforementioned “bulk-boundary uni-
tarity clash”. After that we show that General Zwei-Dreibein Gravity
(GZDG) model can reduce to GMMG model. Finally by a Hamilto-
nian analysis we show that the GMMG model has no Boulware-Deser
ghosts and this model propagate only two physical modes.
1rezakord@ipm.ir
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1 Introduction
It is well known that Einstein gravity suffers from the problem that the
theory is nonrenormalizable in four and higher dimensions. Adding higher
derivative terms such as Ricci and scalar curvature squared terms makes
the theory renormalizable at the cost of the loss of unitarity [1]. In the
other hand pure Einstein-Hilbert gravity in three dimensions exhibits no
propagating physical degrees of freedom [2, 3]. But adding the gravitational
Chern-Simons term produces a propagating massive graviton [4]. The re-
sulting theory is called topologically massive gravity (TMG). Including a
negative cosmological constant, yields cosmological topologically massive
gravity (CTMG). In this case the theory exhibits both gravitons and black
holes. Unfortunately there is a problem in this model, with the usual sign for
the gravitational constant, the massive excitations of CTMG carry negative
energy. In the absence of a cosmological constant, one can change the sign
of the gravitational constant, but if Λ < 0, this will give a negative mass to
the BTZ black hole, so the existence of a stable ground state is in doubt in
this model [5].
A few years ego [6] a new theory of massive gravity (NMG) in three dimen-
sions has been proposed. This theory is equivalent to the three-dimensional
Fierz-Pauli action for a massive spin-2 field at the linearized level. More-
over NMG in contrast with the TMG [4] is parity invariant. As a result,
the gravitons acquire the same mass for both helicity states, indicating two
massive propagating degrees of freedom. One of common aspects in these
two theories is the existence of AdS vacuum solution. So TMG and NMG
provide useful models in which to explore the AdS/CFT correspondence.
The conformal boundary of a three-dimensional asymptotically anti-de Sit-
ter spacetime is a flat two-dimensional cylinder, and the asymptotic sym-
metries are described by a pair of Virasoro algebras [7]. So many study
have been done along the route of AdS/CFT correspondence in the TMG
and NMG setup [8]. Although, it has been shown the compliance of the
NMG with the holographic c-theorem [9, 10], both TMG and NMG have
a bulk-boundary unitarity conflict. In another term either the bulk or the
boundary theory is non-unitary, so there is a clash between the positivity
of the two Brown-Henneaux boundary c charges and the bulk energies [11].
There is this possibility to extend NMG to higher curvature theories. One
of these extension of NMG has been done by Sinha [9] where he has added
the R3 terms to the action. The other modification is the extension to the
Born-Infeld type action [12]. But these extensions of NMG did not solve the
unitary conflict [9, 12, 13]. The recently constructed Zwei Dreibein Gravity
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(ZDG) shows that there is a viable alternative to NMG [14, 15].
It is interesting if one combine TMG and NMG as a generalized massive
model in 3-dimension, dubbed Generalized Massive Gravity theory (GMG),
this work first introduced in [6], then studied more in [16]. This theory has
two mass parameters and TMG and NMG are just two different limits of
this generalized theory.
Recently an interesting three dimensional massive gravity introduced by
Bergshoeff, et. al [17] which dubbed Minimal Massive Gravity (MMG),
which has the same minimal local structure as TMG. The MMG model
has the same gravitational degree of freedom as the TMG has and the lin-
earization of the metric field equations for MMG yield a single propagating
massive spin-2 field. It seems that the single massive degree of freedom of
MMG is unitary in the bulk and gives rise to a unitary CFT on the bound-
ary. During last months some interesting works have been done on MMG
model [18].
In this paper we would like to unify MMG and NMG into a General Minimal
Massive Gravity theory (GMMG). The generalized minimal massive gravity
theory is realized by adding the CS deformation term, the higher deriva-
tive deformation term, and an extra term to pure Einstein gravity with a
negative cosmological constant. In the other term we would like to extend
Generalized Massive Gravity theory (GMG), by adding an extra term. This
theory is expected to have more interesting physics because we can have one
more adjustable mass parameter.
Our paper is organized as follows. In section 2 we introduce the GMMG
in AdS3 space. In section 3 we study the linear perturbation around AdS3
vacuum. Then we obtain the solutions of linearized equation of motion in
terms of representations of isometry group SL(2, R)L × SL(2, R)R of AdS3
space. In section 4 we calculate the energy of the linearized gravitons in
AdS3 background. We obtain a condition which is necessary in order the
bulk graviton modes have positive energy. Then in section 5, at first we
calculate the central charge of CFT dual of the model explicitly. After that
we show that GMMG exhibits not only massless graviton solutions, but also
log and log2 solutions. The log and log2 modes appear in tricritical points in
the parameter space of GMMG model. So in such special point in parameter
space all massive gravitons become massless. In another terms the massive
graviton modes that satisfy Brown-Henneaux boundary conditions, in the
tricritical points replaced by log and log2 solutions, which obey log and log2
boundary conditions toward AdS3 boundary exactly as what occur in GMG
model [16]. Therefore it is natural to proposed that GMMGmodel could also
provide a holographic description for a 3−rank Logarithmic Conformal Field
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Theory (LCFT). In section 6 we study the relation between our model and
General Zwei-Dreibein Gravity (GZDG) model. In another term we show
that GMMG model can be obtained from Zwei-Dreibein Gravity (ZDG) plus
a Lorentz Chern-Simons term for one of the two spin-connections. Then in
section 7 we study the Hamiltonian analysis of the GMMG model and show
that there is not any Boulware-Deser ghosts in the framework of this model.
We conclude in section 8 with a discussion of the our results.
2 The Generalized Minimal Massive Gravity
The Lagrangian 3-form of MMG is given by [17]
LMMG = LTMG +
α
2
e.h× h (1)
where LTMG is the Lagrangian of TMG,
LTMG = −σe.R+ Λ0
6
e.e× e+ h.T (ω) + 1
2µ
(ω.dω +
1
3
ω.ω × ω) (2)
where Λ0 is a cosmological parameter with dimension of mass squared, and
σ a sign. µ is mass parameter of Lorentz Chern-Simons term. α is a di-
mensionless parameter, e is dreibein, h is the auxiliary field, ω is dualised
spin-connection, T (ω) and R(ω) are Lorentz covariant torsion and curvature
2-form respectively. Now we introduce the Lagrangian of GMMG model as
LGMMG = LGMG +
α
2
e.h× h (3)
where
LGMG = LTMG − 1
m2
(f.R+
1
2
e.f × f) (4)
here m is mass parameter of NMG term and f is an auxiliary one-form field.
One can rewrite the Lagrangian 3-form LGMMG as following
LGMMG = −σeaRa + Λ0
6
εabceaebec + haT
a +
1
2µ
[ωadω
a +
1
3
εabcωaωbωc]
− 1
m2
[faR
a +
1
2
εabceafbfc] +
α
2
εabceahbhc
The equations of motion of the above Lagrangian by making variation with
respect to the fields h, e, ω and f are as following respectively
T (ω) + αe× h = 0 (5)
4
− σR(ω) + Λ0
2
e× e+D(ω)h− 1
2m2
f × f + α
2
h× h = 0 (6)
R(ω) + µe× h− σµT (ω)− µ
m2
(df + ω × f) = 0 (7)
R(ω) + e× f = 0 (8)
where the locally Lorentz covariant torsion and curvature 2-forms are
T (ω) = de+ ω × e, R(ω) = dω + 1
2
ω × ω (9)
The covariant exterior derivative D(ω) in Eq.(6) is given by
D(ω)h = dh+ ω × h (10)
So by adding extra term α2 e.h×h to the Lagrangian of generalized mas-
sive gravity we obtain Lagrangian of our model. The equation for metric can
be obtained by generalizing field equation of MMG. Due to this we introduce
GMMG field equation as follows 2
σ¯Gmn + Λ¯0gmn +
1
µ
Cmn +
γ
µ2
Jmn +
s
2m2
Kmn = 0, (13)
where
Gmn = Rmn − 1
2
Rgmn, Cmn = ǫ
ab
m ∇a(Rbn −
1
4
gbnR)
Jmn = R
a
m Ran −
3
4
RRmn − 1
2
gmn(R
abRab − 5
8
R2),
Kmn = −1
2
∇2R gmn − 1
2
∇m∇nR+ 2∇2Rmn + 4RmanbRab
− 3
2
RRmn −RabRabgmn + 3
8
R2gmn,
2Very recently Tekin has introduced another extension of TMG [19] like MMG, but it
has two massive mode instead of a single one. He has done this extension by introducing
following tensor
H
mn =
1
2
η
mpq
∇pC
n
q +
1
2
η
npq
∇pC
m
q (11)
where ∇mH
mn = −∇mJ
mn. So we obtain following Bianchi identity valid for all smooth
metrics,
∇m(J
mn +Hmn) = 0. (12)
Due to this, one can obtain Kmn = Jmn+Hmn from the variation of an action. As Tekin
[19] has mentioned, this action is the quadratic part of the NMG action, which in the
first order formalism is given by second term of Eq.(4). Therefore by adding to the field
equation of TMG, the tensor Kmn = Jmn +Hmn, one can obtain the NMG deformation
of TMG, which is GMG. Our deformation of TMG in this paper is given by adding to the
field equation of TMG, the tensor a1J
mn + a2H
mn, where a1, a2 are constant coefficients.
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where s is sign, γ, σ¯ Λ¯0 are the parameters which defined in terms of cos-
mological constant Λ = −1
l2
, m, µ, and the sign of Einstein-Hilbert term.
Here Gmn and Cmn denote Einstein tensor and Cotton tensor respectively.
Symmetric tensors Jmn and Kmn are coming from MMG and NMG parts
respectively [6, 17].
2.1 AdS3 Solution
The field equation (13) admits AdS3 solution,
ds¯ = g¯mndx
mdxn = l2(− cosh2 ρ dτ2 + sinh2 ρ dφ2 + dρ2)
where l2 ≡ −Λ−1 fixes with parameters of theory. To show this consider the
Ricci tensor, Ricci scalar and Einstein tensor of AdS3 are
R¯mn = 2Λg¯mn, R¯ = 6Λ, G¯mn = −Λg¯mn.
Using these results it is easy to see that
C¯mn = 0, J¯mn =
Λ2
4
g¯mn, K¯mn = −Λ
2
2
g¯mn.
Then field equation for AdS3 reduces to an quadratic equation for Λ(
γ
4µ2
− s
4m2
)
Λ2 − Λσ¯ + Λ¯0 = 0. (14)
So,
Λ =
(σ¯ ±
√
σ¯2 − Λ¯0( γµ2 − sm2 ))
1
2 (
γ
µ2
− s
m2
)
(15)
3 Linearized Field Equation
In this section we study the linear perturbation around the AdS3 spacetime
correspondence to propagation of graviton. We take vacuum background
AdS3 metric as g¯mn and perturb it with a small perturbation hmn as
gmn = g¯mn + hmn.
At the first order the field equation (13) reduces to
σ¯G(1)mn + Λ¯0hmn +
1
µ
C(1)mn +
γ
µ2
J (1)mn +
s
2m2
K(1)mn = 0, (16)
6
where
R(1)mn =
1
2
(
−▽¯2hmn + ▽¯a▽¯mhan + ▽¯a▽¯nham − ▽¯m▽¯nh
)
,
R(1) = (gmnRmn)
(1) = −▽¯2h+ ▽¯m▽¯nhmn − 2Λh,
G(1)mn = R
(1)
mn −
1
2
(Rgmn)
(1) = R(1)mn −
1
2
g¯mnR
(1) − 3Λhmn,
K(1)mn = −
1
2
∇¯2R(1)g¯mn − 1
2
∇¯m∇¯nR(1) + 2∇¯2R(1)mn − 4Λ∇¯2hmn − 5ΛR(1)mn
+
3
2
ΛR(1)g¯mn +
19
2
Λ2hmn,
C(1)mn = ε
ab
m ∇¯a(R(1)bn −
1
4
g¯bnR
(1) − 2Λhbn),
J (1)mn = −
Λ
2
(R(1)mn −
1
2
g¯mnR
(1))− 5
4
Λ2hmn.
Using the fact that J
(1)
mn = −Λ2G
(1)
mn − Λ24 hmn, we obtain following linearized
field equation(
σ¯ − γΛ
2µ2
)
G(1)mn + (Λ¯0 −
γΛ2
4µ2
)hmn +
1
µ
C(1)mn +
s
2m2
K(1)mn = 0. (17)
Imposing Eq.(14) this equation reduces to
µ˜
µ
G(1)mn+(
s
2m2
Λ2
2
+Λ
µ˜
µ
)hmn+
1
µ
C(1)mn+
s
2m2
K(1)mn = 0, µ˜ = σ¯µ−
γΛ
2µ
(18)
or in the following form
G(1)mn + (1 +
s
2m˜2
Λ
2
)Λhmn +
1
µ˜
C(1)mn +
s
2m˜2
K(1)mn = 0, m˜
2 =
µ˜
µ
m2
which is exactly same as linearized field equation of GMG [16] (s = −1).
As mention in [17, 18] this shows the MMG locally has the same degrees of
freedom. After fixing gauge as ∇¯ahan = 0 = h, the linearized field equation
of GMMG on AdS3 becomes
3
(∇¯2 − 2Λ)(∇¯2hmn + sm˜2
µ˜
ε abm ∇¯ahbn − (−sm˜2 +
5
2
Λ)hmn
)
= 0. (19)
3Having products of d’Alembertian operators (or more precisely, field equations with
more than second order time derivatives) is usually a sign of ghosts. This would be what
is sometimes called an Ostrogradski instability.
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We can define the following operators which commute with each other as
(DL/R)nm = δ
n
m ± lεanm ∇¯a, (20)
(Dmi)nm = δ
n
m +
1
mi
εanm ∇¯a, i = 1, 2. (21)
The equation of motion (19) can then be written as
(DLDRDm1Dm2h)nm = 0, (22)
The mass parameters m1,m2 appearing in (22) given by
m1 =
−sm˜2
2µ˜
+
√
1
2l2
+ σ¯sm˜2 +
m˜4
4µ˜2
m2 =
−sm˜2
2µ˜
−
√
1
2l2
+ σ¯sm˜2 +
m˜4
4µ˜2
(23)
The GMMG has various critical points in its parameter space where some
of differential operator in (22)degenerate.
Due to the similarity between linearized equation of GMMG and GMG, we
can use the result of [16] to find the solution of (22) in terms of representa-
tions of isometry group SL(2, R)L × SL(2, R)R of AdS3 space. So one can
write the Laplacian acting on tensor hmn in terms of the sum of Casimir
operators of SL(2, R)L and SL(2, R)R, [20](see also [21, 22]).
∇¯2hmn = −[ 2
l2
(L2 + L¯2) +
6
l2
]hmn (24)
Consider states with weight (h, h¯:
L0|ψmn〉 = h|ψmn〉, L¯0|ψmn〉 = h¯|ψmn〉 (25)
Since |ψmn〉 are primary states:
L1|ψmn〉 = L¯1|ψmn〉 = 0. (26)
For highest weight states, L2|ψmn〉 = −h(h−1)|ψmn〉. Then for the massless
modes we have 4
h(h− 1) + h¯(h¯− 1)− 2 = 0, (27)
4The massless graviton in three dimensions has no degrees of freedom, which is why
people call three dimensional gravity a topological theory (one can equivalently write it as
a Chern-Simons gauge theory). However, imposing suitable boundary conditions can lead
to asymptotically defined global charges which can differ from one solution to another.
So relevant ‘physical states’ in 3D GR are characterized by their boundary charge and
that’s why people sometimes call them boundary gravitons. Also in the higher-derivative
theories one gets in addition to the massless graviton (which is pure gauge), several massive
gravitons which all have 2 degrees of freedom each.
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for h = 2 + h¯, we obtain
h¯ =
−1± 1
2
, h =
3± 1
2
(28)
but for h = −2 + h¯ , we have
h¯ =
3± 1
2
, h =
−1± 1
2
. (29)
Also for massive mode simply for h = 2 + h¯ we obtain
h¯ =
−2 + sm˜2lµ˜ ±
√
2− 4sm˜2l2 + s2m˜4l2
µ˜2
4
h =
6 + sm˜
2l
µ˜ ±
√
2− 4sm˜2l2 + s2m˜4l2
µ˜2
4
(30)
and for h = −2 + h¯ , we have
h¯ =
6− sm˜2lµ˜ ±
√
2− 4sm˜2l2 + s2m˜4l2
µ˜2
4
h =
−2− sm˜2lµ˜ ±
√
2− 4sm˜2l2 + s2m˜4l2
µ˜2
4
(31)
The solutions with the lower sign will blow up at infinity, thus we consider
only the ones with the upper sign.
4 The energy of linearized gravitons
Now we would like to calculate the energy of the linearized gravitons in
AdS3 background. The fluctuation hµν can be decomposed as[20, 23]
hµν = h
m1
µν + h
m2
µν + h
L
µν + h
R
µν (32)
Using the first order of equation of motion the quadratic action of hµν is
given by
I2 =
1
8πG
∫
d3x
√−g[−(σ¯− γΛ
2µ2
− 5sΛ
2m2
)∇¯λhµν∇¯λhµν−2Λ(σ¯− γΛ
2µ2
− 5sΛ
2m2
)hµνh
µν
− 1
µ
ε
µα
β (¯h
βν − 2Λhβν)∇¯αhµν + s
m2
¯hµν(¯h
µν − 2Λhµν)] (33)
The momentum conjugate to hµν is
Π(1)µν =
δ£
δ(∇¯0hµν)
=
√−g
8πG
[∇¯0(−2(σ¯− γΛ
2µ2
− 3sΛ
2m2
)hµν+
1
µ
ε
αµ
β ∇¯αhβν)] (34)
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here £ is Lagrangian density. Now using the equation of motion we can
obtain following expression for momentum conjugate to the left and right
modes hµνL/R and massive modes h
µν
mi respectively
Π
(1)µν
L/R =
−√−g
4πG
[σ¯ +
γ
2µ2l2
+
3s
2m2l2
∓ 1
2µl
]∇¯0hµνL/R, (35)
Π(1)µνmi =
−√−g
4πG
[σ¯ +
γ
2µ2l2
+
3s
2m2l2
− mi
2µl
]∇¯0hµνmi (36)
since we have up to four time derivatives in the lagrangian, one can in-
troduce a canonical variable using the Ostrogradsky method [20, 23] as
Kµν = ∇¯0hµν . The conjugate momentum of this variable is given
Π(2)µν =
√−gg00
8πG
[
−1
µ
εραµ∇¯αhνρ +
2sΛ
m2
hµν ] (37)
then using the equations of motion we obtain
Π
(2)µν
L/R =
−√−gg00
4πG
(
s
m2l2
∓ 1
2µl
)hµνL/R, (38)
Π(2)µνmi =
−√−gg00
4πG
(
s
m2l2
− mi
2µ
)hµνmi , (39)
Now we can write the Hamiltonian of the system as
H =
∫
d2x(h˙µνΠ
(1)µν + K˙µνΠ
(2)µν −£), (40)
Then by substituting the equation of motion of the highest weight states,
we obtain the energy of left and right modes hµνL/R and massive modes h
µν
mi
as following
EL/R =
∫
d2x (h˙L/R,µνΠ
(1)µν
L/R + K˙L/R,µνΠ
(2)µν
L/R −£)
=
−1
4πG
(σ¯ +
γ
2µ2l2
+
s
2m2l2
)
∫
d2x
√−g∇¯0hL/Rµν h˙µνL/R (41)
Emi =
∫
d2x (h˙mi,µνΠ
(1)µν
mi + K˙mi,µνΠ
(2)µν
mi −£)
=
−√−g
4πG
(σ¯ +
γ
2µ2l2
+
s
2m2l2
)
∫
d2x
√−g∇¯0hmiµν h˙µνmi (42)
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Since the integrals in Eqs.(41) and (42) are negative, therefore we find that
if σ¯+ γ
2µ2l2
+ s
2m2l2
> 0 then the energy of left, right and also massive modes
are positive. This is no-ghost condition in the framework of GMMG model,
and under this condition the theory is free of negative-energy bulk modes.
In the next section we calculate the central charges of dual CFT explicitly
and show that the above condition is consistent with the requirement of
positive central charges.
5 Central charges and logarithmic modes
Now we obtain the central charges of the CFT dual of GMMG. We con-
sider following Brown-Henneux boundary condition for the linearized grav-
itational excitation in asymptotically AdS3 spacetime in the global coordi-
nate system, as has been done in [16].
 f++ f+− e−2ρf+− f−− e−2ρ
e−2ρ e−2ρ e−2ρ


The corresponding asymptotic Killing vectors are given by
ξ = [ǫ+(τ+) + 2e−2ρ∂2−ǫ
−(τ−) + e−4ρ]∂+
+ [ǫ−(τ−) + 2e−2ρ∂2+ǫ
+(τ+) + e−4ρ]∂−
− 1
2
[∂+ǫ
+(τ+) + ∂−ǫ−(τ−) + e−2ρ]∂ρ
where τ± = τ ± φ, ǫ+m = eimτ
+
and ǫ−n = e
inτ− .
Very recently the conserved charges of GMMG in asymptotically AdS3
spacetime have been obtained in [24]. According to the results of [24], con-
served charge is given by
Qµ(ξ¯) =
c
16πG
∫
Σ
dli
[(
σ¯ − γΛ
2µ2
− sΛ
2m2
)
q
µi
E (ξ¯) +
1
2µ
q
µi
E (Ξ¯) +
1
2µ
q
µi
C (ξ¯) +
s
2m2
q
µi
N (ξ¯)
]
,
(43)
where
q
µν
E (ξ¯) = 2
√−g¯
(
ξ¯λ∇¯[µhν]λ + ξ¯[µ∇¯ν]h+ hλ[µ∇¯ν]ξ¯λ + ξ¯[ν∇¯λhµ]λ + 1
2
h∇¯µξ¯ν
)
,
q
µν
C (ξ¯) = ε
µν
αGαβL ξ¯β + εβναGµαL ξ¯β + εµβαGανL ξ¯β,
11
q
µν
N (ξ¯) =
√−g¯
[
4
(
ξ¯λ∇¯[νGµ]λL + Gλ[νL ∇¯µ]ξ¯λ
)
+ ξ¯[µ∇¯ν]RL + 1
2
RL∇¯µξ¯ν
]
,
(44)
also, Ξ¯β = 1√−g¯ε
αλβ∇¯αξ¯λ. By substituting the linearized gravitational ex-
citation into Eq.(44) and finally in Eq.(43), we obtain following expression
for conserved charge in the limit ρ→∞
Q0(ξ¯) =
−c
16πlG
∫
σ¯
dli[
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
+
1
µl
)
ǫ+f+++
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
− 1
µl
)
ǫ−f−−+
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
)
(ǫ+ + ǫ−)(16f+− − fρρ)
16
] (45)
By substituting Brown-Henneux boundary condition for the linearized grav-
itational excitation into linearized field equation (17), in the limit ρ → ∞
one can obtain from the ρρ component that
16f+− − fρρ = 0 (46)
Imposing the above equation on the above conserved charge Q0(ξ¯), we obtain
Q0(ξ¯) =
−c
16πlG
∫
σ¯
dli[
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
+
1
µl
)
ǫ+f+++
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
− 1
µl
)
ǫ−f−−]
= QR +QL (47)
where QL and QR are left moving and right moving conserved charges re-
spectively,
QR =
−c
16πlG
∫
Σ
dli
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
+
1
µl
)
ǫ+f++ (48)
QL =
−c
16πlG
∫
Σ
dli
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
− 1
µl
)
ǫ−f−−. (49)
These conserved charges satisfy two copies of Virasoro algebra with following
left and right central charges
cR =
3l
2G
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
+
1
µl
)
, cL =
3l
2G
(
σ¯ +
γ
2µ2l2
+
s
2m2l2
− 1
µl
)
,
(50)
where we have considered arbitrary coefficient c = −2. So the asymptotic
symmetry algebra of AdS3 space in GMMG model consists of two copies of
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the Virasoro algebra with the above central charges. If σ¯ = σ, the above
cental charges in the limit 1
m2
→ 0 reduce to the result for MMG [25], and
in the limit γ → 0, s = −1, reduce to the cental charges for GMG [16]. So in
order we have consistent model with previous massive gravity models in 3-
dimension, the parameter σ¯ in mentioned limiting cases should reduce to the
usual parameter σ. In the previous section we have determined the condition
that the graviton bulk modes are not ghost, i.e. σ¯+ γ
2µ2l2
+ s
2m2l2
> 0. Since
µl is positive, by mentioned condition we obtain positive value for right
cental charge, so σ¯ + γ
2µ2l2
+ s
2m2l2
+ 1µl > 0. If σ¯ +
γ
2µ2l2
+ s
2m2l2
> 1µl , then
the left central charge is also positive. This condition is not contradict with
previous no-ghost condition. So GMMG also avoids the aforementioned
“bulk-boundary unitarity clash”. Due to these we have a semi-classical
quantum gravity model in 2+1 dimension which in both bulk and boundary
is unitary, so is a consistent model.
At the critical line,
σ¯ =
1
µl
− s
2m2l2
− γ
2µ2l2
(51)
we have
cL = 0, cR =
3
Gµ
. (52)
In this case the linearized equation of motion (22)becomes
(DRDLDLDm2h)nm = 0, (53)
in another term the operators Dm1 and DL degenerate here. Due to this,
massive graviton with massm1 degenerate with left massless graviton. There-
fore at cL = 0 a new logarithmic solution appear. Logarithmic solution
satisfies
(DLDLhlog)nm = 0, (D
Lhlog)nm 6= 0. (54)
In GMMG there is another critical line where the operators Dm1 and Dm2
degenerate. This line can be obtained when m1 = m2:
σ¯ =
−sm2
4µ2
− 1
2sm˜2l2
(55)
At the intersection of the critical line (51) and (55) one can see a critical
point as
1
µl
− s
2m2l2
− γ
2µ2l2
=
−sm2
4µ2
− 1
2sm˜2l2
(56)
where the left central charge cL = 0, and three operators D
L, Dm1 and Dm2
degenerate. Due to this, the intersection of the critical line (51) and (55)
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is a tricritical point. More than this, there is another tricritical point in
GMMG. cR = 0, give us a new critical line as
σ¯ = −
(
γ
2µ2l2
+
s
2m2l2
+
1
µl
)
(57)
By intersecting the above line with line (55), we obtain following new tri-
critical point
γ
2µ2l2
+
s
2m2l2
+
1
µl
=
sm2
4µ2
+
1
2sm˜2l2
(58)
In this new tricritical point the operators Dm1 and Dm2 degenerate with
DR. So the equations of motion in the first and second mentioned tricritical
points are given respectively by
(DRDLDLDLh)nm = 0, (59)
(DRDRDRDLh)nm = 0, (60)
Due to the tricritical points, more than the logarithmic solutions, we have
the square-logarithmic mode hlog
2
mn
(DLDLDLhlog
2
)nm = 0, , (D
LDLhlog
2
)nm 6= 0 (61)
Similar to the Eqs.(54), (61), in second tricritical point we have following
equations
(DRDRhlog)nm = 0, (D
Rhlog)nm 6= 0. (62)
(DRDRDRhlog
2
)nm = 0, , (D
RDRhlog
2
)nm 6= 0 (63)
The modes hlogmn, h
log2
mn in contrast with modes hRmn, h
L
mn, do not obey the
usual Brown-Henneaux boundary conditions, they satisfy a log and log2
asymptotic behavior at the boundary [16].
Similar to what one can obtain in GMG [26, 27], it seems reasonable to
conjecture that for GMMG at the critical line (51), the dual CFT is a LCFT.
So, as GMG [26, 27] this kind of degeneration allows for the possibility of
an LCFT.
6 Relation of the GMMG model with GZDG
The authors of [28] have obtained the Chern-Simons-like formulation of
NMG from ZDG model by field and parameter redefinitions . Similarly
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in this section we show that GMMG model can be obtained from Zwei-
Dreibein Gravity (ZDG) plus a Lorentz Chern-Simons term for one of the
two spin-connections. In another term we show General Zwei-Dreibein Grav-
ity (GZDG) [15] can reduce to GMMG. The Lagrangian 3-form of ZDG is
[14] (see also [15])
LZDG = −MP [σe1.R1+e2.R2+m
2
6
(α1e1.e1×e1+α2e2.e2×e2)−m
2
2
(β1e1.e1×e2+β2e1.e2×e2)]
(64)
where Ra1 and R
a
2 are the dualised Riemann 2-forms constructed from ω
a
1
and ωa2 respectively. Also α1 and α2 are two dimensionless cosmological
parameters and β1 and β2 are two dimensionless coupling constants. The
authors of [15] generalized the above Lagrangian to GZDG model by adding
a Lorentz Chern-Simons term as, but with β2 = 0
LGZDG = LZDG(β2 = 0) +
MP
2µ
(ω1.dω1 +
1
3
ω1.ω1 × ω1) (65)
Here we consider the above Lagrangian but with β2 6= 0. Now we consider
following field redefinitions
e1 → e+ xf, e2 → e (66)
ω1 → ω, ω2 → ω + yh. (67)
where x and y are arbitrary parameters. By the above field redefinitions,
the Lagrangian (65) reduce to the following
LGZDG = MP [−(1 + σ)e.R −m2(α1 + α2
6
− β1 + β2
2
)e.e × e
− [xσf.R+ m
2x2
2
(α1 − β1)e.f × f ]− y
2
2
e.h× h
+
1
2µ
(ω.dω +
1
3
ω.ω × ω)− ye.D(ω)h
− xm
2
2
(α1 − 2β1 − β2)e.e × f − α1m
2x3
6
f.f × f ]
As one can see all terms of the GMMG model are generated, plus a couple
last terms which are extra terms. Now by considering α1 = 0, β2 = −2β1,
we remove these extra terms. Then by following parameter redefinitions
1 + σ → σ, m
2x2
2
β1 → −1
2m2
m2(
α2
6
+
β1
2
)→ Λ0
6
−y2
2
→ α
2
− xσ → −1
m2
− y → 1,
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also since
ye.D(ω)h = yh.T, (68)
the Lagrangian (65) reduce to the Lagrangian of GMMG model.
7 Hamiltonian Analysis
In this section by a Hamiltonian analysis we show that the GMMG model
has no Boulware-Deser ghosts. In section 2 we have written the Lagrangian
of GMMG as a Lagrangian 3-form constructed from one form fields and
their exterior derivatives. So the GMMG model takes a Chern-Simons-
like form. As has been discussed in [15] the Chern-Simons formulation of
gravity models is well-adapted to a Hamiltonian analysis. It is important
that by a Hamiltonian analysis one can obtain the number of local degrees of
freedom exactly and independent of a linearised approximation. Following
the approach of [15] (see also [29])) we can rewrite Lagrangian 3-form of
GMMG as
L =
1
2
grsa
r.das +
1
6
frsta
r.(as × at) (69)
where grs is a symmetric constant metric on the flavour space which is
invertible, so it can be used to raise and lower flavour indices, and the
coupling constants frst, which is totally symmetric flavour tensor. GMMG
model has four flavours of one-forms: the dreibein aea = ea, the dualised
spin-connection aωa = ωa, and and two extra fields afa = fa, aha = ha.
By following space-time split
ara = ara0 dt+ a
ra
i dx
i (70)
we can write the Lagrangian density as
£ =
−1
2
εijgrsa
r
i .a
s
j + a
r
0.φr (71)
where εij = ε0ij . The Lagrange multipliers for the primary constraints φra
are ara0 , which are the time components of the fields, and
φra = ε
ij(grs∂ia
sa
j +
1
2
frst(a
s
i × atj)) (72)
By comparing Lagrangian 3-form of GMMG which is given under equa-
tion(4) with Lagrangian (69), we obtain following nonzero components of
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flavour-space metric grs and the structure constants frst,
gωe = −σ, geh = 1, gfω = −1
m2
, gωω =
1
µ
feωω = −σ fehω = 1 feff = −1
m2
, fωωω =
1
µ
fωωf =
−1
m2
, feee = Λ0 fehh = α.
Now we consider following the integrability conditions
Aqrspa
raap.aq = 0 (73)
where Aqrsp = f
t
q[rfs]pt. The consistency of the primary constraints is equiv-
alent to satisfying the integrability conditions (73) [15]. Using the above
integrability conditions we obtain following 3-form relations,
fa[
1
µ
e.f + (1 + ασ)h.e] − (1 + ασ)hae.f + α
m2
faf.h = 0 (74)
ea[
1
µ
e.f + (1 + ασ)h.e +
α
m2
f.h]− α
m2
hae.f = 0 (75)
(1 + ασ)eae.f − α
m2
fae.f = 0 (76)
as one expected the above equation reduced to the corresponding relations
for GMG in the limit α→ 0, where have been obtained in [15].
The secondary constraints are given by
ψs = Brs = f
t
q[rfs]pt∆
pq (77)
where ∆pq = εijapi .a
q
j . Now we assume (1+ασ)e
a− α
m2
fa to have an inverse.
5 By this assumption we restrict our model, such that Boulwar-Deser ghost
does not appear as the degrees of freedom of the model. Then from Eq.(76)
we obtain the following secondary constraint
e.f = ∆ef = 0, (78)
then by an appropriate linear combination of Eqs.(74) and (75) we have
e.f [C
fa
µ
−C(1+ασ)ha+D(e
a
µ
− α
m2
ha)]+(Cfa+Dea)[(1+ασ)h.e+
α
m2
f.h] = 0
(79)
5This assumption of invertibility is similar to the the assumed invertibility of β1e1+β2e2
in the (G)ZDG [15].
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where C and D are arbitrary constants, here we assume C = − α
m2
and
D = 1 + ασ. So by considering secondary constraint (78), and since (1 +
ασ)ea − αm2 fa is invertible we derive the second secondary constraint
h.[(1 + ασ)e − α
m2
f ] = 0 (80)
where again in the limiting case α → 0, we obtain the two secondary con-
straint of GMG in [15]. Now we should obtain the rank of matrix P pqrs which
id defined as following
P pqrs = Brsη
ab + Cpqrs (81)
where Cpqrs = 2Arsqp(V
ab)pq, and V pqab = ε
ija
p
ia.a
q
jb. Taking into account the
two secondary constraints , the first term in P pqrs omit. So in the basis
(e, ω, f, h), matrix P pqrs takes following form:

V ff
ab
µ − 2(1 + ασ)V fh[ab] 0
−V fe
ab
µ +
α
m2
V
fh
ab + (1 + ασ)V
he
ab (1 + ασ)V
fe
ab − αm2V
ff
ab
0 0 0 0
−V ef
ab
µ +
α
m2V
hf
ab + (1 + ασ)V
eh
ab 0
V ee
ab
µ − αm2V eh[ab] −(1 + ασ)V eeab + αm2V
ef
ab
(1 + ασ)V efab − αm2V
ff
ab 0 −(1 + ασ)V eeab + αm2V
fe
ab 0


when we consider the limit α → 0, the above matrix reduce to the corre-
sponding matrix for GMG model [15]. 6 The rank of the above matrix at an
arbitrary point in space-time is 4. From following equation, one can obtain
the dimension of the physical phase space per space point
D = 6N − 2(3N − rankP −M)− (rankP + 2M) = rankP, (82)
where N is the number of flavours, and M is the number of secondary
constraints. In our case, N = 4, rankP = 4, M = 2. So,
D = 6× 4− 2(12 − 4− 2)− (4 + 4) = 4. (83)
Therefore GMMG model in non-linear regime has two bulk local degrees
of freedom. This is exactly the number of massive graviton which we have
obtained in section 3 by a linear analysis. The importance of Hamiltonian
analysis is its independence of background. Moreover we see that this model
is free of Boulware-Deser ghost.
6 Please note that the basis for matrix P pqrs in GMG case in [15] is as (ω,h, e, f).
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8 Conclusions
In this paper we have generalized recently introduced Minimal Massive Grav-
ity (MMG) model [17] to Generalized Minimal Massive Gravity (GMMG)
in asymptotically AdS3 background. MMG is an extension of TMG, but
in contrast to TMG, there is not bulk vs boundary clash in the framework
of this new model. Although MMG is qualitatively different from TMG,
it has locally the same structure as that of TMG model. Moreover both
models have the same spectrum [18]. Parallel to this extension, GMMG is
an extension of GMG, so one can obtain GMMG by adding the CS defor-
mation term, the higher derivative deformation term, and an extra term to
pure Einstein gravity with a negative cosmological constant. This last extra
term is exactly what the authors of [17] have added to the TMG to obtain
their interesting model, i.e. MMG. So importance of the work [17] is not
only solve the problem of TMG, but also do this by introduction only one
parameter.
Here we have studied the linearized excitations around the AdS3 back-
ground, and have shown that in contrast to MMG, when GMMG linearized
about a AdS3 vacuum, a couple massive graviton modes appear. At a spe-
cial, so-called tricritical point in parameter space the two massive graviton
solutions become massless and they are replaced by two solutions with log-
arithmic and logarithmic-squared boundary behavior.
We have calculated the GMMG action to quadratic order about AdS3, and
have shown that under condition σ¯ + γ
2µ2l2
+ s
2m2l2
> 0, the theory is free
of negative-energy bulk modes, so this is the no-ghost condition in the con-
text of GMMG. We have calculated explicitly the central charges of the
CFT dual, using no-ghost condition the right central charge is positive. If
σ¯ + γ2µ2l2 +
s
2m2l2 >
1
µl , then the left central charge is also positive. This
condition is not contradict with previous no-ghost condition. So GMMG
also avoids the aforementioned “bulk-boundary unitarity clash”.
We have found a critical line, where the left central charge cL = 0. In this
critical line where massive graviton m1 degenerate with left-moving massless
graviton, a logarithmic mode hlogmn appear. Another critical line has obtained
when m1 = m2, so in this case the operator D
m1 and Dm2 degenerate. At
the intersection of mentioned critical lines, one can see a critical point, where
three operators DL, Dm1 and Dm2 degenerate, so this critical point is a tri-
critical point. Similar to this tricritical point there is another point in the
parameter space of GMMG model where right central charge cR = 0, and
three operators DR, Dm1 and Dm2 degenerate. Due to the presence of these
tricritical points, more than logarithmic modes, we obtained the squared-
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logarithmic modes hlog
2
mn in GMMG. These log and log−squared modes in
contrast with left and right moving massless gravitons do not satisfy the
Brown-Henneaux boundary conditions, they obey log and log2 asymptotic
behavior at the boundary, exactly similar to the corresponding modes in
GMG [16]. These arguments support the conjecture that GMMG with log
and log2 modes, is dual of a rank-3 LCFT.
Here we should mention that the presence of log-modes, (or log2 modes)
is a sign of non-unitarity, as the theory with modified boundary conditions
is expected to be dual to a logarithmic conformal field theory, which are
well-known to be non-unitary. Also as we have mentioned in footnote 2,
having products of d’Alembertian operators in equation of motion is usually
a sign of ghosts, but one thing to keep in mind is that the ghosts arising
from the Ostrogradski instability are genuinely different from what is called
the Boulware-Deser ghost. This is an additional degree of freedom corre-
sponding to a scalar ghost, which is only manifest in the non-linear theory.
So in the higher order derivative theory, there are massive spin-2 ghosts and
Boulware-Deser ghosts. The latter can be removed by tuning the precise
coefficients in the action, but the former cannot be removed in a higher-
derivative theory of gravity [30, 31].
Then we have investigated the relation between GMMG and GZDG models.
We have shown that the GMMG model can be obtained from ZDG plus a
Lorentz Chern-Simons term for one of the two spin-connections.
Hamiltonian formulation allows to count the number of local degrees of free-
dom in the non-linear regime. In section 7 by Hamiltonian analysis we have
shown that the Lagrangian 3-form (3) defines a model describing two bulk
degrees of freedom. So fortunately GMMG model is free of Boulwar-Deser
ghost. But we should mention that situation here is similar to ZDG model.
Our model is without Boulwar-Deser ghost only if we demand that the linear
combination (1+ασ)ea− α
m2
fa is invertible. As we have shown in section 6,
GZDG with some special parameters can reduce to the GMMG. In the other
hand from [15] we know that GZDG in contrast with ZDG is free of Boulwar-
Deser ghost at all. The point is this, the LGZDG of [15] is a combination of
LZDG(β2 = 0) plus Lorentz-Chern-Simons (LCS)term. But LGZDG in this
paper is a combination of LZDG(β2 6= 0) plus LCS term. ZDG model with
β2 = 0 is free from Boulwar-Deser ghost, but in the case β2 6= 0, this model
has ghost [32]. If one demand that a linear combination of the dreibeine to
be invertible, then ZDG will be free of ghost. This is exactly similar to our
model. Therefore GMMG propagate two massive graviton with different
masses and is free of Boulwar-Deser ghost by restriction applied to it.
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